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INTRODUCTION AND THEOREMS 
The following theorems are known. 
THEOREM I. Let g be an odd function with period 257 such that g(x) $ in the 
interval (0, d), xg(x) EL and g is bounded on the interval (d, ?r). Let b, be the 
nth generalized sine coeflcient of g. If 0 < r < 1, the series C n”-l 1 b,, 1 con- 
verges a7 and only ;f x+g(x) EL. 
THEOREM II. Let f be an even function with period 2~ such that f (x) $ in 
the interval (0, d), f EL andf is bounded on the interval (d, rr). Let a, be the nth 
cosine coefficient off. If 0 < r < 1, the series C n’-’ 1 a, 1 converges if and only 
if x-‘f (x) E L. If r = 0, the series C n-l 1 a, I converges if and only ;f 
f(x) log l/X EL. 
The case Y = 0 of these theorems is due to A. Zygmund [I] and the 
general case is due to B. Sz.-Nagy [2] (cf. S. M. Edmonds [3] and R. P. Boas, 
Jr. ([4], p. 13-18)). R.P. Boas, Jr. [4] raised the question to find examples 
to show that these theorems fails if decreasing functions are replaced by 
positive functions. For, the case + < r < 1, R. Askey (cf. [4]) has found an 
example f E L such that f is positive, x 1 a, I/nler < CO but x-‘f (x) does not 
belong to L and similar for g. We shall prove the 
THEOREM 1. For each r, 0 -=c Y < 1, there is an even function f E L such 
that f is positive, x-y(x) EL but the series C j a,, //Tz-~ does not converge. There 
is a similar odd function g. 
The case Y = 0 in Theorems I and II does not hold for positive functions 
instead of monotone functions. 
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THEOREM III. Suppose that 0 < r < 1 and b, $0 as n + 00. Then the 
series C b, sin nx converges to g(x) and x-?g(x) EL if and only if the series 
C b,/n1-7 converges. 
THEOREM IV. Suppose that 0 < Y < 1 and a, J 0 as n + 00. Then the 
series C a, cos nx converges to f(x) and x-‘f (x) EL if and only if the series 
C an/nr-T converges. 
These theorems are due to $3. M. Edmonds [3], G. Sunouchi [5] and 
R. P. Boas, Jr. [6] (see ([4], p. 19-25)). R.P. B oas, Jr. [4] has conjectured that 
these theorems will fail if b, or a, are assumed to be positive Fourier coeffi- 
cients instead of monotone. The cases 0 < Y < $ and r = 1 were proved by 
him with suggestion of R. Askey. The case 4 < Y < 1 remains unsolved. 
We shall prove the following 
THEOREM 2. For any I, 0 < r -=z 1, there is an even function f such that 
a, 3 0 and the series C a,/n1-r converges but the function x+f (x) is not inte- 
grable. There is a similar odd function g. 
For the proof of theorems we use a simple lemma [7]. 
LEMMA. LetN>l,O<r<landO<t<T.Then 
N cosjt 
c T = 
j=l 3 s 
;=$du + O(1). 
The same holds for sine series. 
Proof of Theorem 1. We put 
fo(t) = 2 a, cos nt. 
n-z 
We suppose that uan = - uan+r (n = 1,2, 3 ,... ), then 
fo(t) = n$l a&cos 2nt - cos(2n + 1) t) = 2 sin+~1a,,sin(2n++-) t 
= 2 (sin 4)’ $r a2n 
m 
cos 2nt + 2 sin -!- cos t C aSn sin 2nt 
2 2 n-1 
= 2 (sin t,” g,(2t) + sin t gz(2t). 
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We take a2,, = l/~’ (n = 1, 2,...), then 
&> r j& and .a@> = & 
Therefore 
trYof, s APg,(2t) + APg,(2t) = O(1) 
and then t-Y$(t) is integrable but 
t -+ 0. 
as t -+ 0, 
Since A + gl(t) is non-negative for all t and sin tg2(t) is bounded, there is a 
constant A, such thatf(t) = fo(t) + A,, . 1s non-negative. Thus such functionf 
satisfies all conditions of Theorem 1. 
The conjugate function ofjo gives the example of odd case for 0 < r < 1. 
For the case r = 0, consider the function 
fdt) = lf2 & (cos 2nt - cos(2n + 1) t) 
and its conjugate function. 
Proof of Theorem 2. Consider the sum 
Ak(t) = z sw%;ti) t 
j=l 
nr cos jt 
= sin m,t C 
Itk sinjt 
.l. + cos m,t C 7 
j=l I j-1 3 
= sin m,t 
I 
nk cos ut 
0 
zlr du $ cos m,t 1 lllc y du + O(l), 
0 
by Lemma. We put 
g(t) = f’ c,A,(t) = i b, sin nt 
k=l ?L=l 
where c& = k-” and mk = tik = 2”, then 
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Now, we shall prove that the integral of t-? / g(t)] on (0, CT) diverges. We 
distinguish the cases 1 > Y > +, t > r > 0 and r = +, First of all consider 
the case 1 > r > +. It is known that 
s 
m sinx 
0 
x’ dx = T(l - r) sin(1 - Y) F , 
s 
m cos x 
0 
Xr dx = T(l - Y) cos(1 - Y) : , 
(1) 
so that the first integral of (1) is less than the second, and then there is a 
constant c, depending only on Y, satisfying the condition 
We write 
min s 
t cosx 
- dx > y; s 
t sin x 
- dx. (2) t>cn o x’ 0 XT 
s 
cnln&~ = Ck cnlnl, 
1 I sintyt / dt 
s 
CTrflz&~ / cos m,tl dt ng sin ut 
- ck 
cnlTQ t' s 0 
u' du + o(l) 
( 
csln&~ / sin m,t / 
dt 
s 
Qt co.5 u 
= Ck 
cnln~ t 0 
yi-- d” 
dnk-1 
’ costmk” ’ dt i 
nkt sin u 
- ck 
enInk 0 
UT du + o(l) 
> AC, 
s 
C”h-I dt 
+AC,lOg-, nk > A as k-+03 
enInk nk-l 
4=‘9/32/3-9 
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by (2). On the other hand, 
and 
w < A ,=$+l ci jc+ $ d A log tip ii+, ci < AC,,, 1% % = o(l) 
cnlnk. 
as k-+co. 
Thus the function t-) 1 g(t)1 is not integrable on the interval (0, r). 
Now we shall consider the case 4 > r > 0. In this case, the second integral 
of (1) is greater than the first and we can find a constant c’ satisfying the 
condition 
min 
t>c’n I t sin x -dx>max - o x’ I t cos x dx. t>c,n o XT 
The remaining part of the proof is similar as above. 
Finally, in the case Y = 8, two integrals in (1) are equal. Therefore 
s 
057lTkk-, 
u > ck 
Clrl?L~ 
1 sin mkt fc cos mkt / dt j “=$du + o(1) 
0 
> A% I 
Cnh-1 dt 
CWl?l~ 
t + 4) 3 A, 
where c is taken such that the integrals of cos u/ l/U and sin u/ 4; in the 
interval (t, CO) are less than a given small constant for all t > cr. V and W 
are estimated similarly. 
Thus the theorem is proved for odd function, Proof for even function is 
similar. 
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